Abstract. We address a metric version of Zariski's multiplicity conjecture at infinity that says that two complex algebraic affine sets which are bi-Lipschitz homeomorphic at infinity must have the same degree.
Introduction
Let f : (C n , 0) → (C, 0) be the germ of a reduced holomorphic function at the origin and let (V (f ), 0) be the germ of the zero set of f at origin. In 1971 (see [16] ), O. Zariski proposed the following problem:
Question A If V (f ) is topologically equivalent to V (g) as germs at the origin 0 ∈ C n , i.e. there exists a homeomorphism ϕ : (C n , V (f ), 0) → (C n , V (g), 0), then is it true that m(V (f ), 0) = m(V (g), 0)? Although many authors have presented several partial results to the question A, it remains open. We recall the multiplicity of V (f ) at the origin, denoted by m(V (f ), 0), is defined as following: we write
where each f k is a homogeneous polynomial of degree k and f m = 0. Then, m(V (f ), 0) := m. In order to know more about Zariski's multiplicity question see, for example, [5] .
By looking from a metric point of view, and in a more general setting, we have the following metric local version of the Zariski's multiplicity question (see Chapter 2 in [2] , for a definition of multiplicity of complex analytic sets):
QuestionÃ1(d) Let X ⊂ C n and Y ⊂ C m be two complex analytic sets with dim X = dim Y = d. If their germs at 0 ∈ C n and 0 ∈ C m , respectively, are bi-Lipschitz homeomorphic, i.e. there exists a bi-Lipschitz homeomorphism ϕ : (X, 0) → (Y, 0), then is it true that their multiplicities m(X, 0) and m(Y, 0) must be equal?
Let us remark that QuestionÃ1(d) was approached by some authors and, as far as I know, it remains still open. For instance, G. Comte, in the paper [3] , proved that the multiplicity of complex analytic germs in C n is invariant under bi-Lipschitz homeomorphism with Lipschitz constant close enough to 1. Recently, the author in [14] (see also [1] ) showed that multiplicity 1 is invariant by bi-Lipschitz homeomorphism and the author jointly with A.
Fernandes showed in [6] that the multiplicity of a complex analytic surface singularities in C 3 is a bi-Lipschitz (embedded) invariant. It was showed also in [6] that it is enough to address such a question by considering X and Y homogeneous complex algebraic sets. Actually, this result is stated in [6] for complex analytic hypersurfaces in C n , however, the proof works for higher codimension complex analytic subsets. Other versions of the QuestionÃ1(d) were approached by some authors, for example, J.-J. Risler and D. Trotman proved in [13] that if two complex analytic functions are rugose equivalent or bi-Lipschitz right-left equivalent, then they have the same order and G.
Comte, P. Milman and D. Trotman showed in [4] that two complex analytic functions f, g : (C n , 0) → (C, 0) have the same order, whenever there are positive constants C and D and a homeomorphism ϕ :
, for all z near 0. At this point, we finish this overview on local metric version of the Zariski's multiplicity question and we start to consider the Lipschitz geometry at infinity of complex algebraic sets.
Let f : C n → C be a reduced polynomial and X = V (f ). The degree of the polynomial f is an important integer number associated to X; it is called the degree of X. According to the next example, it is hopeless that degree of X = V (f ) comes as a C ∞ right invariant. In fact, the degree is not even C ∞ right invariant in families. In particular, the degree is not a topological invariant of the embedded subset X ⊂ C n . Example 1.1. For each t ∈ C, let f t : C 2 → C be the polynomial given by f (x, y) = y − tx 2 . Let ϕ t : C 3 → C 2 be the polynomial mapping given by ϕ(x, y, t) = (x, y − tx 2 ). Then, ϕ t := ϕ(·, t) : C 2 → C 2 is a polynomial automorphism (in particular it is a smooth diffeomorphism) such that f t = f 0 • ϕ t , for all t ∈ C. However, deg(V (f 0 )) = 1 and deg(V (f t )) = 2, for all t = 0.
In this paper, we deal with the following metric question:
infinity, in the sense that there exist compact subsets
The author jointly with A. Fernandes showed in [7] that degree 1 comes as a bi-Lipschitz invariant at infinity of complex algebraic subsets (see Section 2, for a definition of degree for higher codimension algebraic sets in C n ) and in [8] they showed that the Question A1(d) has a positive answer for d = 1 and, for each d ∈ N, A1(d) andÃ1(d) are equivalent questions. Still in [8] , it was showed that the degree of a complex algebraic surface in C 3 is a bi-Lipschitz (embedded) invariant at infinity.
Let us describe how this paper is organized. Section 2 is dedicated to present the notions of degree of complex algebraic subsets in C n , tangent cones at infinity and, also, bi-Lipschitz homeomorphisms at infinity of such subsets. Section 3 is dedicated to prove the main results of the paper, we prove that the degree of a complex algebraic set is invariant under biLipschitz homeomorphism with Lipschitz constant close enough to 1. In particular, in contrast with the example 1.1, we receive that the degree is constant in a bi-Lipschitz equisingular at infinity family. Moreover, we prove that if two polynomials are weakly rugose equivalent at infinity, then they have the same degree. In particular, we receive that two polynomials have the same degree, if they are rugose equivalent at infinity or bi-Lipschitz contact equivalent at infinity or bi-Lipschitz right-left equivalent at infinity.
Preliminaries
2.1. Degree. Let us begin this subsection by recalling some basic facts about degree of complex algebraic sets, for more details see [2] . Let ι : C n ֒→ P n be the embedding given by ι(x 1 , · · · , x n ) = [1 : x 1 : · · · : x n ] and let p : C n+1 \ {0} → P n be the projection mapping given by p(
Remark 2.1. Let A be an algebraic set in P n and X be an algebraic set in C n . Then A = p −1 (A) ∪ {0} is a homogeneous complex algebraic set in C n+1 and the closure ι(X) of ι(X) in P n is an algebraic set in P n . Definition 2.2. Let A be an algebraic set in P n . We define the degree of A by deg(A) = m( A, 0), where m( A, 0) is the multiplicity of A at 0 ∈ C n+1 . Definition 2.3. Let X be a complex algebraic set in C n . We define the degree of X by deg(X) = deg(ι(X)).
2.2. Tangent cones. In this subsection, we set the exact notion of tangent cone that we will use along the paper and we list some of its properties. Definition 2.5. Let A ⊂ R n be an unbounded subset. We say that v ∈ R n is a tangent vector of A at infinity if there is a sequence of points {x i } i∈N ⊂ A such that lim i→∞ x i = +∞ and there is a sequence of positive
Let C ∞ (A) denote the set of all tangent vectors of A at infinity. This subset
Proposition 2.6 (Proposition 4.4 in [7] ). Let Z ⊂ R n be an unbounded semialgebraic set. A vector v ∈ R n belongs to C ∞ (Z) if, and only if, there exists a continuous semialgebraic curve γ : (ε, +∞) → Z such that
Let X ⊂ C n be a complex algebraic subset. Let I(X) be the ideal of
given by the polynomials which vanishes on X. For each f ∈ C[x 1 , · · · , x n ], let us denote by f * the homogeneous polynomial composed of the monomials in f of maximum degree.
Proposition 2.7 (Theorem 1.1 in [11] ). Let X ⊂ C n be a complex algebraic subset. Then, C ∞ (X) is the affine algebraic set V ( f * ; f ∈ I(X) ).
Among other things, this result above says that tangent cones at infinity of complex algebraic sets in C n are complex algebraic subsets as well.
2.3. Bi-Lipschitz homeomorphism at infinity.
Definition 2.8. Let X ⊂ R n and Y ⊂ R m be two subsets. We say that X and Y are bi-Lipschitz homeomorphic at infinity, if there exist compact subsets K ⊂ R n and K ⊂ R m and a bi-Lipschitz homeomorphism φ :
We finish this Section reminding the invariance of the relative multiplicities at infinity under bi-Lipschitz homeomorphisms at infinity. 
3. Degree as a bi-Lipschitz Invariant at Infinity 3.1. Degree of complex algebraic sets. 
Proof. Let X 1 , . . . , X r and Y 1 , . . . , Y s be the irreducible components of the tangent cones at infinity C ∞ (X) and C ∞ (Y ) respectively. Looking X and Y , respectively, as the sets X ×{0} and {0}×Y in C n+m = C n ×C m , we have by proof of the Lemma 3.1 in [14] , that there are C > 0 and a bi-Lipschitz homeomorphism Φ : C n+m → C n+m such that Φ| X\K = ϕ and
Thus, by proof of the Theorem 4.5 in [7] , there is a bi-Lipschitz homeomor-
Moreover, there is a sequence {t j } ⊂ N such that ϕ n j → dϕ uniformly on compact subsets of C n+m , where each mapping ϕ k : C n+m → C n+m is given
Let v ∈ C ∞ (X). By Proposition 2.6, there is a proper curve γ : (ε, +∞) → X such that lim t→+∞ |γ(t)| = +∞ and γ(t) = tv + o ∞ (t). Then, we obtain
As Φ| X\K = ϕ, we have
, there are sequences {x j }, {y j } ⊂ X such that lim
and lim
Passing the limit j → +∞, we receive
By Proposition 2.9, r = s and, up to a re-ordering of indices,
In particular, for each j, M j = max{deg(X j ), deg(Y j )} ≤ M . Since X j and Y j are homogeneous algebraic sets, we have deg(X j ) = m(X j , 0) and
Therefore, deg(X) = deg(Y ).
Notation. Let A ⊂ R m , B ⊂ R k and f : A → B be a Lipschitz function. We define the Lipschitz constant of f by
x − y ; x, y ∈ A and x = y . 
, where C t and C ′ t are, respectively, the Lipschitz constants of the mappings ϕ t and ϕ −1 t . As was made in the proof of the Theorem 3.1, for each t ∈ [0, 1] there is ψ :
Thus, if Y 0,1 , ..., Y 0,r are the irreducible components of C ∞ (X 0 ), then by Lemma A.8 in [9] , for each i = 1, ..., r, there is an irreducible compo- Definition 3.5. We say that two polynomials f, g : C n → C m are rugose equivalent at infinity, if there are compact subsets K, K ⊂ C n , constants
We define the degree of F by
The next result was proved in ( [8] , Theorem 3.7). However, here we present a direct proof without to use the global Lojasiewicz inequality proved in [10] .
Theorem 3.7. Let f, g : C n → C be two polynomials. If f and g are rugose equivalent at infinity, then deg(f ) = deg(g).
Proof. Let us denote X = {x ∈ C n ; f (x) = 0} and Y = {x ∈ C n ; g(x) = 0}. We have that X and Y are bi-Lipschitz homeomorphic at infinity. By Theorem 4.5 in [7] and Proposition 2.7, C ∞ (X) and C ∞ (Y ) are closed and bi-Lipschitz homeomorphic sets. By hypotheses, there are compact subsets K, K ⊂ C n , positive constants C 1 and C 2 and a bijection ϕ :
like in the Theorem 4.5 in [7] . Moreover, dϕ : C n → C n is a bi-Lipschitz homeomorphism. Then, there is v ∈ C n such that dϕ(v) ∈ C n \ {x ∈ C n ; g * (x) = 0}, where g * is the homogeneous polynomial composed of the monomials in g of maximum degree. Therefore,
By taking j → +∞, we obtain g * (dϕ(v)) ≤ 0, which is a contraction.
Then, deg(f ) ≥ deg(g) = k and by using ϕ −1 instead of ϕ, we obtain the other inequality. Therefore, deg(g) = deg(f ).
Definition 3.8. We say that two polynomial mappings F, G : C n → C m are weakly rugose equivalent at infinity, if there are compact subsets
Let f : C n → C be a polynomial. Then, for each r > 0, we define
Remark that δ r,∞ (f ) does not depend of r > 0. Thus, we define this common number by δ ∞ (f ).
for all z ∈ C n \ B r (0). Thus, if
is bounded on C n \ B r (0). Therefore, by Proposition 3.9, deg(f ) ≤ deg(g).
Similarly, we obtain deg(g) ≤ deg(f ). Thus, we have the equality deg(g) = deg(f ).
Definition 3.11. We say that two polynomials f, g : C n → C are biLipschitz contact equivalent at infinity, if there are compact subsets K, K ⊂ C n , a constant C > 0 and a bi-Lipschitz homeomorphism ϕ :
Definition 3.12. We say that two polynomials f, g : C n → C are biLipschitz right-left equivalent at infinity, if there are compact subsets K, K ⊂ C n , a constant C > 0 and bi-Lipschitz homeomorphisms ϕ :
It is direct of the definitions the following result Proposition 3.13. Let f, g : C n → C be two polynomials. Let us consider the following statements:
(1) f and g are bi-Lipschitz right-left equivalent at infinity;
(2) f and g are bi-Lipschitz contact equivalent at infinity; (3) f and g are rugose equivalent at infinity; (4) f and g are weakly rugose equivalent at infinity.
Then, (1) ⇒ (2) ⇒ (3) ⇒ (4).
We finish this paper by stating some direct consequences of Theorem 3.10 and Proposition 3.13.
Corollary 3.14. Let f, g : C n → C be two polynomials. If f and g are rugose equivalent at infinity, then deg(f ) = deg(g). 
